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We generalize the geometrical model of transformation optics to Rieman-Cartan space with tor-
sion by introducing topological defects in physical space. By relaxing the integrable condition, we
show explicitly that the generalized equivalent medium are bi-anisotropic where the magnetoelectric
coupling parameters emergent as the dislocation density. We also show the generation of orbital
angular momentum of light. Our theory may open intriguing venues for controlling the vectorial
degree of freedom of light with metamaterials.
Introduction.—The analogy of electromagnetic waves
in response to transparent media and the curved space-
time is a matter of extensive interest for both funda-
mental and technological reasons [1–6]. Notably, the dis-
covery of transformation optics sheds new lights on this
pursuit [7, 8]. Analogous to the general relativistic de-
scription of gravity, transformation optics roots on the
nontrivial Riemannian structure of the physical space.
It enables a variety of unprecedented electromagnetic
phenomena such as invisibility cloaks [9], optical illu-
sion [10], imaging [11], light harvesting [13] to nonlocal
plasmonics[14]. Physically, the permittivity and perme-
ability specified by the coordinate transformation deter-
mine the local optical length and fix the causal struc-
ture of the space-time. In this sense, the metric induced
equivalent medium can be regard as a perfect geomet-
rical optics material, where a light ray follows the null
geodesic regardless of its polarization state [5, 7].
Though great progress has been made in the paradigm
of transformation optics and it’s several extensions [15,
16], some fundamental aspects on the treatment of the
transversal nature of electromagnetic fields, such as bian-
isotropy, polarization state and singular phase struc-
ture, have remained elusive. The covariant formalism
of linear classical electrodynamics [3, 4, 16, 17] and con-
straint of electromagnetic duality symmetry [18] allow
more generic bi-anisotropic constitutive laws including
magnetoelectric coupling terms [19]. The magnetoelec-
tric coupling effect represents the first order of weak spa-
tial dispersion which results from the nonlocal response
of polarization and magnetization due to the optically
non-negligible size and distance, or the chiral configura-
tion of the inclusions. From the viewpoint of topology, it
is inherently related with the singular phase structure in
the near field.
In this letter, we show that the generic transforma-
tion media corresponding to the curved vacuum space
are bi-anisotropic where the anisotropic magnetoelec-
tric coupling terms come from the torsion tensor of the
physical space. Torsion was first introduced by Car-
tan as the asymmetric part of the connection, T γαβ =
(Γγαβ−Γγβα)/2, to incorporate the intrinsic angular mo-
mentum of elementary particles into general relativity
[20]. It plays a fundamental role in the gauge theo-
ries of gravitation [21], though the observable effects is
still not experimentally detected due to the weak gravi-
tational coupling. Here, we show that the physical space
transformed from a Riemannian background material is
a general Riemann-Cartan space endowed with metric
and torsion. In our scheme, torsion is defined in terms
the spatial curls of the coordinate transformation and
intimately relate with the presence of line topological de-
fects in the physical space [22–24]. As physical effects, we
demonstrate the generation of both spin and orbital an-
gular momentum of light by a toy model of optical cosmic
strings. The torsion induced physical effects are topolog-
ical protected against continuous deformations and yet
flexible for the same reason, allowing for tunability with-
out loss of functionality.
Generalized transformation optics.—We begin by con-
sidering an arbitrary coordinate transformation from
a virtual simple connected flat space, denoted by
r(x, y, z) := {xa} with Roman indices, to a transformed
physical space, denoted by coordinates r′(x′, y′, z′) :=
{xα} with Greek indices. For simplicity, we restrict our-
selves to the case of Euclidean transformation in three
dimensional Cartesian system. However, our formal-
ism should be applicable to four dimensional Minkowski
space-time directly. The two coordinate systems are re-
lated with the Pfaffian form [25]
ϑα = e αa dx
a (1)
with the transformation Jacobian matrix e αa = ∂x
α/∂xa.
Hereafter, Einstein summation convention over repeated
indices is applied. If the one-form (1) is non-integrable,
the frame {∂α} constitutes a non-coordinate base. We
can introduce the object of anholonomity Ωδβγ =
e δa (∂βe
a
γ − ∂γeaβ) which is the structure constant of the
basis vector [eα, eβ] = Ω
γ
αβeγ [25]. Assuming the time
harmonic fields are ∝ exp(−iωt) with frequency ω, the
spatially covariant curl Maxwell equations in free space
2can be expressed with anholonomic coordinates,
ǫαβγ
[
∂βEγ +Ω
δ
βγEδ
]− iωBα = 0,
ǫαβγ
[
∂βHγ +Ω
δ
βγHδ
]
+ iωDα = 0
(2)
where ǫαβγ is the completely antisymmetric Levi-Civita
symbol, and in right-handed coordinate system it is a
tensor density ǫαβγ = eαβγ/
√
g, where g is the deter-
minant of the metric, eαβγ = 0,±1 is the permutation
symbol. Lower the upper indices, the curl equations (2)
can be reorganized to:
eαβγ∂βEγ − iωB¯α = 0,
eαβγ∂βHγ + iωD¯
α = 0
(3)
Eqs. (3) resemble the macroscopic Maxwell equations in
dielectric with the constitutive equations,
D¯α = ε0ε
αβEβ − i1
c
καβHβ ,
B¯α = i
1
c
καβEβ + µ0µ
αβHβ
(4)
where the material parameters are given by
εαβ = µαβ =
√
ggαβ ,
καβ =
λ0
4π
eαγδΩβγδ
(5)
here gαβ = e αa e
β
a is the contravariant metric of the phys-
ical space, and λ0 = 2πc/ω is the vacuum wavelength.
According to the formal invariance of Maxwell equations,
we interpret (3) as the macroscopic Maxwell equations in
nontrivial transformed media in Cartesian coordinates.
The constitutive relations (4) is a standard formula of
material equations for linear bianisotropic media. Be-
cause Ωγαβ is antisymmtric with respect to the lower
indices, the magnetoelectric coupling tensors have nine
independent components. Equations (4,5) which gener-
alize the constitutive relations of the transformed media
from anisotropic to bi-anisotropic materials with magne-
toelectric coupling terms, are the fundamental results of
this work.
The essential feature of the present work is that the
magnetoelectric coupling stems from geometry due to co-
ordinate transformation but instead of the bi-anisotropic
background [26, 27] or moving dielectrics [1, 3–5]. From
the view point of differential geometry, the geometric in-
formation of the Riemannian physical space is encoded
in the Jacobian matrix through the nontrivial metric
g = eηeT , where η = diag{1, 1, 1} is the metric of flat
space, and the metric compatible Levi-Civita connection
Γ˜γαβ which is symmetric on the lower indices. In an-
holonomic coordinates, the affine connection is given by
Γγαβ = Γ˜
γ
αβ − Ωγαβ + gβδgγρΩδαρ + gαδgγρΩδβρ [25]. In
our case, we start from a flat Euclidean space with a triv-
ial connection and obtain an asymmetric connection due
to the object of anholonomity. As a result, the torsion
tensor is then obtained
T γαβ = −
1
2
Ωγαβ (6)
Consequently, the generalized physical space in transfor-
mation optics is a Riemann-Cartan space with nonvan-
ishing torsion which act as the MCP terms for the trans-
formed media.
x
y
z
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FIG. 1. Schematic illustration of nonholomonic coordinate
transformation between a perfect domain (Fig. 1a) to a dis-
torted one (Fig. 1b) by Volterra construction. The failure of
the closed loop (sea green) indicates a line defect along z-axis.
The emergent magnetoelectric coupling results from
the homogeneity breaking of the translational symmetry
of the coordinate transformation. In fact, torsion van-
ishes if the displacement vector u(r) = r′− r is a smooth
single valued function, which corresponds to a elastic de-
formation preserving the topology between the virtual
and physical spaces. In this case, the one-form (1) is
integrable and ϑα = dxα is a total differential. If ϑα
is non integrable, the magnetoelectric coupling emerges
due to the violation of Frobenius integrability condition
∂µe
a
ν = ∂νe
a
µ [24, 25], which is usually ignored in the
relevant literature [5, 7]. The resulting incompatible
transformation is a plastic deformation which changes
the topology of the physical space. In this case, ϑα is
not a total differential and the displacement vector is a
multivalued function. This implies a jump discontinuity
for u(r) along any closed contour b =
∮
du. Using Stokes
theorem, the vector b can be expressed as
ba =
∫
S
Ωaαβdσ
αβ (7)
where dσαβ = ǫαβγnγdσ is the differential area, nγ is the
unit normal vector, and the field Ωaαβ related the object
of anholonomity by Ωγαβ = e
γ
a Ω
a
αβ . Because affine con-
nection determine the parallel transport of vectors, tor-
sion describes the broken of infinitesimal parallogram in
physical space, and relates the Euclidean translations in
transformation optics. For anholonomic transformations,
Eq. (7) indicates that there is a change in topology be-
tween the virtual and physical spaces, and the object of
anholonomity measures the failure of closing for infinites-
imal parallelogram, which is analogous to the Burgers
circuit describing dislocations in crystalline solids. With
the presence of a discrete dislocation, the physical space
becomes multiple connected. A pure screw or edge dislo-
cation representing the closed failure can be created by
a standard Volterra’s cut and glue procedure. It is obvi-
ous that the displacement vector, which varies smoothly
3everywhere except on the defect core, is a multivalued
function when the defect line is encompassed. This al-
lows us to distinguish different loops encircling the defect
in physical space and so maybe classified by the funda-
mental group π1(S
1) = Z. In the continuum limit, tor-
sion is proportional to the density of topological charge.
It should be noted that b is a topological invariant in the
sense that it is independent of the particular choice of
integral paths provided it encompasses fixed defects.
The intrinsic length scale of torsion also provides an in-
terpretation to the factor λ0/4π for the magnetoelectric
coupling terms. Similar factor is also found in the formal
analysis of the frequency domain Maxwell’s equations in
Einstein-Cartan spacetime [28], where the isotropic chi-
ral parameter was determined by a pure axial vector form
of the dual torsion preserving gauge invariance and prin-
ciple of semi-minimal coupling [29]. But, the torsion in
our model comes from the non-vanishing object of an-
holonomity which describes the rotation of the local or-
thogonal frame. And the nine independent components
of torsion give rise to the anisotropic magnetoelectric cou-
pling parameter.
An interesting question is how torsion affect the sym-
metry of generalized transformation optics: (i) By con-
struction, κ and γ are odd under parity P and time re-
versal T with [P , T ](E,H) = (−E,H). Thus they are
pseudo tensors to retain the form of Maxwell equations
[19, 28]; (ii) The constitutive relations (4,5) satisfy with
constraint due to the electromagnetic duality symmetry
[18]. The source free Maxwell’s equations with constitu-
tive relation (4) are invariant with respect to the contin-
uous duality rotation
[
Eθ
Hθ
]
=
[
cosθ −sinθ
sinθ cosθ
] [
E
H
]
(8)
Because helicity operator is the generator of electromag-
netic duality symmetry [18], the duality invariance leads
to the conservation of helicity. As a result, different helic-
ity states (circular polarization) do not couple with each
other when light waves propagate in an ideally generic
transformation medium.
The topological aspects.—Let us establish the connec-
tion between the formalism we have set up in previous
section with the nontrivial topology of the physical space
by the integral forms of Maxwell’s equations [2]. Consider
the Faraday’s law for a spatially uniform monochromatic
waves reads
∮
Γ
E · dr = iω ∫
S
Bds. Under the anholo-
nomic transformation, the closed surface S is mapped to
a surface S′ with boundary Γ′ with additional Burgers
vector b. In physical space, a straightforward integra-
tion for the electric field yields
∮
Γ′
E′ · dr′ = iω
∫
S′
B′ · dσ′ + b ·E′ (9)
A treatment for Ampe`re’s circuital law yields a similar
expression. In (9), the presence of dislocation density b
indicates the topological nature of MCP, since it is in-
variant under a continuous deformation for the integral
loop and it’s value depends upon a physical quantity in
a region outside the domain of integration. It should be
noted that torsion should has the same spatial compo-
nents as the electric or the magnetic field to manifest the
physical effects.
Although the polarization state of light is invariant in
generalized transformation media, it changes when light
pass through the boundary between two distinct media.
For simplicity we consider a boundary between vacuum
and a transformed medium. It is known that the polar-
ization state of monochromatic light is closely related to
Lipkin’s Zilch [30] ρχ = (ǫ0E · ∇×E+µ−10 H · ∇×H)/2,
which measuring the optical chirality of the optical field
[31]. Under holonomic coordinate transformation r→ r′,
this pseudoscalar density transforms as ρ′χ(r
′) = Jρχ(r)
with J = det
(
∂r
∂r′
)
. However, there is an additional term
in anholonomic coordinates
ρ′χ = Jρχ + ρT (10)
where ρT = ǫ
αβγeaα∂βe
b
γ
(
ε0EaEb + µ
−1
0 HaHb
)
/2 is a
torsional analog of the Chern-Simons like term in three
dimensional space [32]. ρT transforms as a scalar density
under a gauge transformation eaµ → eaµ + ∂µΛ with Λ
a continuous function. It is interesting that the gauge
transformation here can be interpreted as a continuous
deformation upon the coordinate transformation. There-
fore, the integral
∫
d3xρχ is invariant under coordinate
transformation. This invariance indicates that the inte-
gral of density of optical chirality over transformed space
is a topological invariant depend only on the topology
of the physical space. This can also be verified by the
fact that the tensor indices are contracted with the Levi-
civita symbol ǫµνλ instead of the metric. Consequently,
an ideal torsional medium will turn a linearly polarized
plane wave to an elliptical polarized one.
We can also relate torsion with optical vortices car-
rying orbital angular momentum, since vortices are also
known as optical phase dislocations [33]. Let us con-
sider a general scalar plane wave in virtual space ψ =
ρexp(iχ(r)), with intensity ρ2 and phase χ(r) = k·r. Un-
der the action of anholonomic transformation, the phase
in physical space becomes χ′ = k · (r+ u). By a contour
integral of phase on a closed circuit C around the origin,
we can obtain the winding number N ,
N = (2π)−1
∮
Γ′
∇χ′ · dr′ = b/2π (11)
From Eq. (11), it is evident that an anholonomic map-
ping at macroscopic length scale converts a plane wave
into a dislocated wavefront beam with the topological
strength N . Specifically, a pure screw dislocation when
k = (0, 0, k) correspond to a optical vortex with an
exp(ilθ) azimuthal phase dependence, where l = N/k.
More generic singular optical fields can be produced by
distributed pure or mixed optical dislocations [33].
4A toy model.—To elucidate the application of our the-
ory, let us introduce a toy model that describes the spa-
tial part in the exterior of a straight cosmic string [34]
r′ = r, θ′ = αθ, z′ = z +
b
2π
θ (12)
where r =
√
x2 + y2, θ = atan(y/x), and b = (0, 0, b) is
the Burgers vector. Due to the singular nature along z
axis, T z is the only non-vanishing component of torsion
associated with this line element, T z ∝ bδ2(r) [24, 34, 35].
To avoid the complex boundaries, we consider the coor-
dinate transformation (12) mapped the imaginary upper
surface of the cylinder with twisted shape to a planar sur-
face of a cylinder in physical space, and the corresponding
material parameters are given by
ε = µ = α−3

 sin
2θ + α2cos2θ sinθcosθ[α2 − 1] γsinθ
cos2θ + α2sin2 −γcosθ
α2 + γ2


and
κzz = −γzz = λ0
2π
δ(2)(r) = lim
n→∞
λ0bn
2π3/2
e−n
2r2 (13)
Here, we have used the Gaussian sequence for planar
Dirac δ-function δ(r) = lim
n→∞
n√
pi
e−n
2r2 . However, a
metamaterial made from 2D arrays of subwavelength de-
fects are chiral metamaterials with emerging magneto-
electric coupling [36].
Summary and outlook.—We have established a generic
framework for transformation optics with torsion by
breaking the topology of the physical space. This gener-
alization could open new horizons for the technological
applications where the spin and orbital angular momen-
tum of electromagnetic waves are relevant. The combina-
tion of torsional effects into current framework allows for
the full control of electromagnetic waves with coordinate
transformation well beyond the intuitive picture of ray
optics. Our formulism here not only provides a theoret-
ical foundation to understand the fundamental principle
of transformation optics but also promises a model sys-
tem for simulating of classical and quantum physics in
curved torsional space in optical laboratory.
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